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Abstract

The multistage Stochastic Linear Programming (SLP) problem may become numerically in-
tractable for huge instances, in which case one can solve an approximation as for example the
well known multistage Expected Value (EV) problem. We introduce a new approximation to the
SLP problem that we call the multistage Event Linear Programming (ELP) problem. To obtain
this approximation the SLP constraints are aggregated by means of the conditional expectation
operator. Based in this new problem we derive the ELP heuristic that produces a lower and an
upper bound for the SLP problem. We have assessed the validity of the ELP heuristic by solving
large scale instances of the network revenue management problem, where the new approach has
clearly outperformed the EV approach. One limitation of this new approach is that it only consid-
ers randomness on the right-hand side, which is assumed to be discrete and stagewise independent.

Keywords: Multistage stochastic programming, constraint aggregation, conditional expectation,
scenario tree, revenue management.

1 Introduction

The Multistage Continuous Stochastic Linear Programming (MCSLP) problem corresponds to a linear
programming problem with uncertainty in some of its parameters and with several decision stages. For
notational simplicity, considering that all the problems here are multistage, we will drop the M and C
and will use the shorter form SLP instead. The main feature of the SLP problem is that the uncertain
parameters are revealed gradually over time and our decisions should be adapted to this process. The
relevance, applications, properties, approaches and solution methods of this problem can be found in
[4, 17, 32], among others. To address optimization problems under uncertainty one can use different
approaches such as chance constraint optimization [28], robust optimization [24] and scenario based
optimization [4], among others. In this paper we will focus on the last approach.

The SLP problem with a continuous stochastic process is, in general, numerically intractable. To
overcome this difficulty one can approximate the original stochastic process by discretizing it. Of
course, the quality of the approximation will depend on the quality of the discretization [25]. The
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discretization process consists in approximating the original stochastic process by a stochastic process
with a finite support which can be represented by a scenario tree. Thus, the first difficulty in scenario
based optimization corresponds to built a representative and tractable scenario tree. See [9, 15], among
others. Once a representative scenario tree has been built one can write the so called deterministic
equivalent problem which corresponds to a large scale structured linear programming (LP) problem.

The second difficulty corresponds to solve this LP problem. State of the art optimization software
as for example IBM ILOG CPLEX Optimizer [16], or CPLEX for short, can be used to successfully
solving SLP instances of moderate size. However, for many SLP instances one needs to use alternative
methods which can be classified into exact and approximate ones. Exact methods can deal with a
large number of scenarios and are based on Lagrangian relaxation [13], Benders decomposition [14]
and interior point methods [6], among others. The performance of these optimization methods can be
enhanced by using large computing systems (parallel computing, grid computing, etc.) as for example
in [21]. However, if the number of scenarios becomes too large, exact methods are impractical. In
this case, either one solves the SLP problem approximately or one solves an approximation to the
SLP problem. This is the case of schemes such as scenario aggregation [19], scenario sampling [33],
stochastic dynamic programming scenario refinement [5], approximate dynamic programming [27],
and multistage stochastic decomposition [29], among others. However, even an approximated solution
of the SLP problem by the Sample Average Approximation method requires an exponential number of
sampled scenarios in order to attain a reasonable accuracy [31].

In [7] it is presented an iterative procedure, based on constraint aggregation, to fully solve stochastic
programming problems with a convex cost and linear constraints. The idea is to reduce the number
of constraints in the original problem by replacing them by aggregated constraints, which are certain
weights combinations of the original ones. The method generates a sequence of problems with ag-
gregated constraints whose iterates converge to the optimal solution set of the original problem. In
contrast, the heuristic method we present is based on the so called multistage Event Linear Program-
ming (ELP) problem which approximates the SLP one. This approximation is also based on constraint
aggregation, however its objective is not to fully solve the original SLP problem but to compute a
good suboptimal solution and a good cost lower bound. The second difference is that in [7] the main
computations are performed in the space of the original SLP problem whose dimension may be huge,
whereas in the approach we present, the main computations are performed in the space of the ELP
problem whose dimension is drastically smaller than the original one. The third difference is that our
approach uses the probability distribution of the stochastic parameters as the aggregate weights in con-
trast with [7], which uses the level of infeasibility of the current iterate for a given constraint, as the
corresponding aggregate weight.

In this context it is useful to have some cost bound in order to assess the quality of the approximated so-
lution. One of the oldest bounds is the so-called wait-and-see cost lower bound which can be obtained
by solving the SLP problem without satisfying the nonanticipativity constraints [4]. Bounds based
on Jensen’s or on Edmundson-Madansky inequalities can be found in [4]. In [34] Jensen’s bound is
improved by relaxing certain constraints and associating dual multipliers with them. Another type of
bound in stochastic programming is obtained by aggregation of constraints, variables or stages [2, 35].
Such approximations are shown to provide bounds if the randomness appears exclusively either in the
objective or in the right-hand side (rhs). [20] constructs two discrete and stage-aggregated stochas-
tic programs which provide upper and lower bounds on the SLP optimal cost and are numerically
tractable. In the framework of the so-called sample average approximation of the SLP problem, one
can infer statistical bounds for the SLP solution value as in [30].

One of the most popular approximations to the SLP problem is the multistage Expected Value (EV)
problem, which replaces de stochastic parameters of the SLP problem by their expected value. To
derive the EV problem, the scenario tree associated to the SLP problem, is reduced into a degenerate



scenario tree with one scenario. That is, the EV problem approximates the SLP problem by ignoring
uncertainty. As an alternative to the EV problem, we introduce the multistage Event Linear Program-
ming (ELP) problem, which also approximates the SLP problem but without ignoring uncertainty. The
ELP problem takes into account uncertainty in a simplified way: roughly speaking, it approximates
the multistage scenario tree by a sequence of connected two-stage scenario trees (see Section 4). As
far as we know such approach has never been proposed in literature and it could be useful in the cases
where the SLP problem were numerically intractable.

In this paper we will concentrate on the SLP problem with randomness appearing exclusively in the
rhs of the constraints, which is assumed to be discrete and stagewise independent. In this case, the
bound given by the EV problem, corresponds to Jensen’s bound. We will prove that the ELP problem
also gives a cost lower bound and try to answer the following questions: Is the ELP bound tighter
than the EV one? Is the ELP problem tractable? Is it possible to derive good SLP solutions by
using the ELP solutions? What is the computational performance of the ELP heuristic in the case
of large scale instances? To answer these questions we have used a testbed of large scale instances
of the network revenue management problem (up to 393 millions of variables and 357 millions of
constraints). The average CPLEX time for the EV, ELP and SLP approaches has been 198, 328 and
1995 seconds, respectively (CPLEX has failed to solve 22% of the instances when using the SLP
approach). The average worst case optimality gap for the EV and ELP approaches, has been 3.62%
and 0.45%, respectively.

Thus, the objectives of this paper are to introduce the ELP problem, to study some of its theoretical
properties, to compare it to the EV problem, to analyze the computational effort to solve large scale
ELP instances and to consider a scheme for deriving a (hopefully good) feasible solution for the SLP
problem. With these objectives in mind, in Section 2 we describe the well known SLP problem and
the scenario tree structure. In Section 3 we state the EV problem. In Section 4 we introduce the
ELP problem and the event spike structure. In Section 5 we state and prove the theoretical results
concerning the EV and the ELP bounds. In Section 6 we see an algorithm for obtaining feasible SLP
solutions after solving the EV and ELP problems. Finally, in Section 7 we present the computational
results of comparing the EV, ELP and SLP solution values in a large testbed of instances of the network
revenue management problem, that has been chosen as the pilot case to study the effectiveness of the
ELP approach.

2 The multistage LP problem with a stochastic right-hand side

The following parameters, indexes and index sets, will be used throughout the paper.

t Index for stages, t € T = {1,...,T}

Index for groups of nodes of the scenario tree, k € K; = {1, ..., K;}

Two nodes are in the same group k if they have the same ancestor node (see Section 2.1)
l Index for nodes within the same group of nodes, [ € £; = {1,..., L;} (see Section 2.1)
T+ Stands for {2,...,T}
T Stands for {1,...,7 — 1}

TK:L: Stands for T x KC; x L

VteT

VteT

VteT



Let us consider the following multistage deterministic LP problem that we name Ppy p:

min clay
in 2
st. Ajxi =0b
t—1
Z Birx, + Arry = by Vte 7-+
=1

x>0,

where ¢, is the vector of the objective function coefficients, A; and b, are the constraint matrix and the
right-hand side (rhs) related to stage t = 1. For all t € T, By, is the constraint matrix of the decision
vector ., related to stage 7 < t, A; is the constraint matrix of the decision vector z; and by is the rhs
corresponding to stage ¢.

In real life instances, any of the parameters of Pprp may be stochastic. In order to introduce our
new approach, we consider a simpler stochastic version of Ppj p where the rhs b, is the only random
vector. A stochastic rhs typically reflects uncertainty in supply and/or demand. This is very often the
case for problems arising in manufacturing, telecommunications, transportation and power generation
[3, 26]. Another important example is the revenue management problem [1, 23] which we have chosen
as a pilot case for our computational experience (see Section 7).

To formulate the stochastic rhs version of problem Pprp, we will replace the set of deterministic
vectors {b; };e7 by the multivariate stochastic process {&; }1e7. On the other hand, the sequential
structure of the problem implies that the decision at stage ¢ must be contingent to the random history
§ = (&1, ...,&). Therefore, decision x; is a function of & and we will write xt(g[t]). For the
remaining of the paper we make the following assumptions.

Assumption 1 The multivariate stochastic process {&; 17 has the following features:

1. Its first component, i.e., vector &1, is deterministic, being b;.
2. Each random vector & has a finite support S¢,, for allt € T

3. It is stagewise independent, that is, the random vectors & and &y are independent, for any
t,t' e T witht #1t'.

4. It does not depend on the decision sequence {x}icT.

Notice that the previous assumption implies that the support S&[t] =S¢, X ... X Sg, is also finite.

The multistage Stochastic Linear Programming (SLP) problem corresponds to the stochastic rhs ver-
sion of Ppr,p, which can be written as:

min - zspp(z) = ZE[ ciwe(&py) ] Q)
teT
S.t. Alxt(f[l])] =& 2
t—1
> B (&) + Aw(§y) = & as,VteT" 3)
=1
mt(é[t}) >0 as.,Vte T “4)



where &7 is a deterministic vector. Notice that it is required that constraints (3) and (4) hold almost
surely (a.s.), which means that they must hold with probability one [4]. Furthermore, ¢ (f[t]), for all
t € T, is called a policy and represents the decision to be taken at stage ¢ as a function of the random
history &y (see for example [32]).

2.1 The multistage scenario tree

Model (1)-(4) of the SLP problem is handy for theoretical aspects but it is not appropriate for compu-
tational purposes. For this reason, in the next section we introduce the related deterministic equivalent
problem, based on the scenario tree structure, which is the model to be used for computational pur-
poses. In this section we describe the multistage scenario tree structure.

By Assumption 1 each random vector &; has a finite support Sg, of cardinality, say L, such that

Se =G, G} VEeT.

Let the probability of each realization é be denoted
my =P (§t = gtz) Vil e TL;.

Given that {&; } <7 has a finite support it can be represented by a multistage scenario tree, where each
node at stage ¢ € 7 corresponds to a realization £} of the random history &j;j, and viceversa. If the
stochastic process is stagewise independent, one consequence is that at a given stage ¢, all the nodes
have the same number of successors (L;) and the realizations of the rhs at those nodes do not depend
on the realizations at their predecessor nodes. In this case, the total number of scenarios is given by
the product LoLs - - - Ly. Furthermore, if the number of successors is constant in all the stages, then
we have LT~ scenarios. In practical applications, in order to have a tractable and representative
multistage scenario tree, one usually considers a reduced set of scenarios, by using scenario reduction
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Figure 1: The scenario tree nodes are labeled by three indexes
(tkl : stage t, group k and leaf [).

In this context we call ‘group of nodes’ each set of nodes with the same ancestor. We find it convenient
to label the nodes of the multistage scenario tree by using three indexes: tkl, where ¢ is the stage, k is



the group of nodes and [ is the node in group k. For example, in Fig. 1 we observe that at stage 2 we
have only one group of nodes (node 111 is the common ancestor) and at stage 3 we have two groups
of nodes. At each stage t € T the groups of nodes are labeled by k& € K;. At each group k of stage
t the nodes are labeled by [ € £;. This notation is not the standard one but we use it since it will be
useful to compare the ELP and SLP approaches. Note that K;L; is the number of scenario groups at
stage ¢ in the standard notation for multistage trees.

On the other hand, the vectors and the parameters associated to each node are indexed accordingly.
Associated to each node tkl of the multistage scenario tree there are the following elements:

° gﬂ, realization of the random vector &;. Note that under the assumption of stagewise indepen-
dence we have that § = &4y for any k, k" € K; and therefore we can drop the index %k and
write &;.

® &[4 realization of the random history &, where

f[t} = (51,1(1)7 oo 7§t71,l(t71)7§tl)
is the realization of &) that determines node tk!.
® Py, probability of reaching node tkl, that is,
Pkt = P (§[t] = §[t]) = T0(1)  Te—1,0(t—1) Tel-
For each stage ¢ € T, we have that Zklelctﬁt P = 1.

e x5, decision vector taken at stage ¢ after observing Em, that is,

Lkl = xt(f[t])-

2.2 Deterministic equivalent SLP problem

Based on the multistage scenario tree, the deterministic equivalent SLP problem can be written as
follows:

H}Tin ZSLP(x) = Z Z Dkl Cgl’tkl S
teT klekKi Ly
s.t. Ajzi1 = &1 (6)
t—1 "
> Biratgr—r (e + A = Eu Vikl € THLy (7)
=1
>0, @®)

where &1 = by, a(tkl) is the ancestor of node tkl, a®(tkl) = a(a(tkl)) is the second ancestor of node
tkl and so on. Note that in (7), the rhs term & does not depend on the group of nodes k, and for this
reason we do not write &;;. See in [11] some approaches for computing or estimating the value of the
SLP solution based on decomposition schemes.



3 The multistage expected value LP problem

If the SLP problem becomes too difficult, one can use the popular multistage Expected Value (EV)
problem, which lower bounds the SLP problem by using the expected values of the random process
instead of the random process itself. In our context, the EV problem is as follows:

mjin zpy(T) = chft 9)
teT
s.t. A1 = 51 (10)
t—1
> Byl + At =§ Vie Tt (11)
=1
>0, (12)

where & = E[¢;]. Notice that, since &; is a deterministic vector equal to by, in (10) we could just write
&, instead of ;. However, to maintain the same notation in all the stages, we prefer to write & (in
this way £; is implicitly considered a degenerate random vector which only takes a single value). See
in [22] an approach for analyzing the quality of the EV solution. As we will see in Section 5.1, the
decision vector Z;, for all ¢ € T, can be interpreted as

T = Z Z ikl = E[ 2¢(Ey) |-

teT kleKi Lt

That is, the resulting vector of applying the expectation operator to the policy x; (£ [t})- Notice that to
compute an optimal solution Z} it is not necessary to know the set of optimal decisions {z};,; }ikieTic -
It is enough to solve the EV problem (9)-(12).

4 The multistage event LP problem

Throughout this paper it will be used the term event, which is defined next.

Definition 1 Event: Given a multivariate stochastic process {& }ieT, let us define event as each real-
ization &y of the random vector &, for any t € T .

Notice that each scenario corresponds to a realization of the random process {&; }1c7. The EV problem
approximates the SLP problem by ignoring uncertainty. As an alternative to the EV problem, we
introduce the multistage Event Linear Programming (ELP) problem, which also approximates the
SLP problem but without ignoring uncertainty. The ELP problem takes into account uncertainty in
a simplified way: Instead of considering scenarios it only considers events (of course, the complete
representation of the uncertainty requires scenarios). To illustrate this idea, let us consider a four-stage
problem where at each future stage only two events can occur: A; and By, for t = 2, 3, 4. Problem SLP,
based on scenarios, considers all possible paths from node A; to nodes A4 and By to built the scenario
tree (Fig. 2). In contrast, problem ELP, based on events, ignores these paths and only considers a
sequence of T — 1 connected two-stage trees (Fig. 3). For each ¢ € 7T, there is a two-stage tree
whose root node accounts for the expected decision at stage ¢t and whose leave nodes account for the
possible events at stage ¢ + 1 and the corresponding decisions.



Figure 2: The 8 possible paths from A; to A4 and B4 (scenarios)
can be represented by a multistage scenario tree.

Figure 3: The scenario tree in Figure 2 can be ‘approximated’ by
the event spike: a sequence of 3 connected two-stage trees with 3
nodes each (Z;, Ary1 and Byyq, fort = 1,2, 3).



4.1 The event spike

In the case of the ELP problem, as it was the case for the SLP problem, it is convenient to consider
the deterministic equivalent ELP problem for computational purposes. First, we will present the deter-
ministic equivalent ELP problem, which is based on the event spike structure that we describe in this
section. Second, we will introduce the ELP problem.

In the ELP approach, the scenario tree is approximated by the event spike, where we have the stem and
one group of leaves per each stage. On the one hand, at each stage ¢ there is one leaf node [ per each
event &;. On the other hand, the stem corresponds to the sequence of expected decisions %1, ..., Z7_1
(Fig. 3). Therefore, the event spike structure has two types of nodes: stem nodes labeled by the index
t € T~ and leaf nodes labeled by the pair tI € 7+ L;. Note that the number of stem nodes is 7'— 1 and
the number of leaf nodes is Ly + ... 4+ Lp. If the number of leaf nodes is constant for all the stages,
then the number of leaf nodes is (7' — 1)L, in contrast with the exponential number of nodes in the
multistage scenario tree of our consideration. Associated to each leaf node ¢/ there are three elements:

i gtl, event tl.
e Ty, probability of event ¢/. For each stage ¢t € 7, we have that ) , ec, T = 1.

e I, decision vector.

Finally, the expected decision at stage ¢ can be expressed as

j?t:Zthi‘tl vtETi.
leLy

4.2 Deterministic equivalent ELP problem

Based on the event spike, the deterministic equivalent ELP problem can be written as follows:

. Sy T4 13
I{gl{? zeLp(T) Zzﬂtl Ci Tl (13)

teT lely
s.t. A1z = &1 (14)
t—1 »
> Bk + Ay = &y Vile TTL, (15)
=1
Ty = Z Ty B Vie T (16)
lely
&>0,z>0. (17)

In the previous section we have seen that Z; can be interpreted as E[x;(£)]. In Section 5.1 we will
see that the decision vector Z;; can be interpreted in terms of the conditional expectation such that

iy =E[z(&q) | &a] VH € TLy

That is, the resulting vector of applying the conditional expectation operator to the policy z(§ [t]) given
that & = &.



4.3 ELP problem

The deterministic equivalent ELP problem (13)-(17) can be written in a more compact form in what
we call the ELP problem:

rﬁni;l zpLp(Z) = ZE[ EACN

teT

S.t. Alij(fl) = 51 (18)
t—1
Z Birir + Ai(&) = & as,VteT" (19)
=1
Ty = E[ jt(gt) ] VteT™ (20)
i‘t(ft) >0 as.,VteT 201
Ty >0 VteT . (22)

Notice that the main difference with the SLP problem corresponds to the dynamic constraint system
(3). In the ELP problem, this set of constraints is approximated at each stage ¢ by considering not the
past decisions x1, . .., x;—1 but its expectation Ty, ...,ZT;—1 as it can be seen in (19). Furthermore, at
each stage ¢, the SLP problem considers z(§ [t ), that is, one decision vector per each realization of £ [t
also known as scenario group (see e.g. [4] for the related definition in the multistage scenario tree).
In contrast, at each stage t, the ELP problem only considers 7;(&;), that is, one decision vector per
realization of &, as it can be seen in (19). Therefore, the SLP problem takes into account the random
histories £};), whereas the ELP problem only takes into account the random vectors ;. Going further
in the simplification, the EV problem just takes into account the expectations &;. In this way, the ELP
and EV problems are approximations to the SLP problem that, obviously, reduce both the problem size
and the stochastic accuracy. Thus, regarding tractability and ‘level of stochastic information’ the ELP
problem lies between the SLP and the EV ones.

5 Lower bounds for the SLP solution value

5.1 Preliminary concepts and results

Let us review some preliminary concepts and results to be used in this section. First, we review the
following results on conditional expectation [8].

Theorem 1 (/8], Theorem 4.7.1) Law of Total Probability for Expectations. Let X and 'Y be random
variables such that 'Y has finite mean. Then

E[E[Y [ X]]=E[Y],
where E[ - | and E[ - | X| are the expectation operator and the conditional expectation operator,
respectively.
As pointed out in [8], the previous theorem also implies that for two arbitrary random variables X and
Y and for an arbitrary function 7 such that (X, Y") has finite mean, we have
E[E[r(X,Y) | X]]=E[r(X,Y)],
by letting Z = r(X,Y’) and noting that E[ E[ Z | X ] ] = E[ Z |. Furthermore, we can define the

conditional expectation of a function r(X1, ..., X,,) of several random variables given one or more of

10



the variables X, ..., X,,. In this paper we will use the following result, which generalizes Theorem 1
and can be proved in a similar way.

Theorem 2 Let &1, ..., &, be random vectors and
7”(51, s 75”) = (Tl(flv s 76714)7 s 7rm(§17 cee 75“))
be an arbitrary vectorial function of the random vectors, such that v (1, . . ., &,) has finite mean. Then,

forany j € {1,...,n} we have that

E[E[r(§1,-- &) [§ 11 =E[r(&1, ..., &) |-

Second, to illustrate the constraint aggregation concept [2] let us consider the following optimization
problem P :

min  f()
s.t. A;x =b; Viel,
where Z = {1,...,I}, A; is an m X n matrix and b; is an m-vector, for all ¢ € Z. Notice that

there are I matrix constraints. In this context, constraint aggregation means that a set of equalities
and/or inequalities is replaced by a linear combination of them. For simplicity of exposition we will
assume that all the matrix constraints in problem P will be aggregated into one single matrix constraint.
In general the scalars or weights of the linear combination are taken positive in order to preserve the

orientation of the constraint inequalities (if any). We denote these weights by vector o = (o, ..., ay).
The problem obtained by aggregating the matrix constraints, which we name FP,, corresponds to
min f(x)
T€R™
S.t. Z ajA;xr = Z o;b;.
€T i€Z

It is clear that if a solution x is feasible for problem P then it is also feasible for problem F,. So,
problem P, is a relaxation of problem P obtained by constraint aggregation.

Third, to illustrate the concept of ‘constraint aggregation induced by the expectation operator’, let us
consider a random vector § with finite support S¢ = {EZ-}H and probability weights m; = P ({ = EZ)

for all i € Z. We name P¢ the following stochastic optimization problem:

min f(x(£~1) . #U(gl))

z€R™

st Az(&) =&

where by abuse of notation, x € R" means x(é) € R" for all ¢ € 7. In this context, the constraint
aggregation problem P corresponds to

min  f(z(£))

zeR"
S.t. Z?TZA$(§Z) = Zﬂ'ig&'a

i€l 1€T

11



which can also be written in a more compact form by using the expectation operator

min  f(z(§))

z€R™
st. E[Ax(6)] =E[£].

Thus, we say that problem Pﬁ has been derived from problem P¢ by the constraint aggregation induced
by the expectation operator E[ - |. Furthermore, it is also clear that problem Pt is a relaxation of
problem P¢ obtained by constraint aggregation.

Fourth, to illustrate the use of the conditional expectation operator in this context, let us consider,
additionally to the previous random vector £, a new random vector ¢ with finite support S = {(; }jes
with J = {1,...,J} and the random vector n = (E) with finite support S,. We also consider the

conditional random vectors (7 | (1), ..., (n | Cs), which represent the random vector 7 given we know
¢ is equal to ¢; or (2, ... or ;, respectively. Each random vector (1 | (), for all j € 7, has finite

support and conditional probability weights p;; = P (f = é | ¢ = Q“j) foralli € 7.

We name P the following stochastic optimization problem:

min  f(z(n))

rER™
st. Azxz(n) =n a.s.

which can be written as

min f(z(n))

z€R™

st. Az(n| &) = (n]¢) as.

Az(n | ZJ) =(n| gJ) a.s.

Notice that in this problem the only random component of (7 | EJ) corresponds to the random vector
¢, since by definition (1 | {;) = (f-) forall j € J.
J

In this context, the constraint aggregation problem P, corresponds to

min  f(z(n))

rER?

s.t. ZPﬂAUC(éA G) = Zpﬂ (g)

1€ €L

> pisAn(&, () = pis (g:;),

(ISVA 1€T

which can be written in a more compact form by using the conditional expectation operator

min f(z(n))

rxER™
st. E[Az(n) |G ] =E[n]G]

E[Az(n) | &1 =Eln| ),

12



or even in a more compact form

min  f(z(1))

rER™
st. E[Az(n) | C]=E[n]| (]
Notice that in this problem, after applying the conditional expectation E[ - | ¢ |, the only random

component corresponds to the random vector (.

In this context, we say that problem P, has been derived from problem P" by the constraint aggrega-
tion induced by the conditional expectation operator E[ - | ¢ ]. As in the previous cases, problem P, is
a relaxation of problem P" obtained by constraint aggregation.

Fifth, we summarize the notation regarding the expectation operator applied to a policy xt(g[t]). For
all t € T, the following notation is considered:

o E[ 24(§y) | : the resultant decision vector of applying the expectation operator to the policy
x¢(§[y)- Vector E[ (&) ] corresponds to vector 7; in the EV problem.

o E[ 24(&y) | & ] : the resultant policy of applying the conditional expectation operator to the
policy z(§}) given &;.

e (&) : A shorter expression for the policy E[ (&) | & ]. Notice that a policy #(&;) in
the ELP problem is a function of the random vector & whereas a policy x¢({};) in the SLP

problem is a function of the random history & [t Vector :it(gtl) corresponds to vector &y in the
deterministic equivalent ELP problem.

5.2 Lower bounds

It is well-known that for the multistage Stochastic Linear Programming (SLP) problem with the un-
certainty only in the right-hand side (rhs), the multistage Expected Value (EV) problem gives a lower
bound for the SLP solution value [2]. In the context of this paper it means:

* *
gy < ZsLps

where 2z}, stands for the solution value of a given problem P. In this section we will prove that the
multistage Event Linear Programming (ELP) problem gives a stronger bound, that is, it will be proved
that

* * *
Zpv < ZpLp < 2sLp-

In Theorem 3, it will be proved that 27,; » < z§; p. It is worthy to mention that, the proof of Theorem
3 will also show the connection between problems SLP and ELP: roughly speaking the ELP problem
can be derived by the constraint aggregation induced by the conditional expectation operator applied
to the SLP constraints.

Theorem 3 Let us consider the SLP problem with the rhs defined by the multivariate stochastic pro-
cess {& }eT. If this stochastic process is stagewise independent then

ZELp < Z5LP- (23)

Proof: The proof consists of nine steps.
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First, constraint (3) of the SLP problem can be aggregated by using the conditional expectation opera-
tor E[ - | &] :

t—1
E[ Y Birz-(§)) + Awwe(€y) 1 & ] =E[& | & ] as,VteT"
=1
i}
t—1
ZBtTE[Q«“T(f[T]) | & ]+ AB[ () | &t ] = & as., VteTt
=1
i}
t—1
> ByE[z-(§) | + AE[2(§y) | &1 =& as,VteTt, (24
=1

where, to deduce the last equation we have used that by hypothesis the stochastic process {&; }1e7 is
stagewise independent.

Now, considering that xt(g[t]) is a vectorial function of the random vectors &1, . . ., &, by Theorem 2
we can write

Elz:(&) | = E[B[ai(&y) | &]) VieT.

By using this equality, equation (24) can be rewritten as

ZBtT Em) [ & 1]+ AE[ (&) | &] =&  as,VteT™ .

Second, constraint (2) of the SLP problem is related to the first stage and it is equivalent to

AiE[zi () & ] =&

Third, constraint (4) of the SLP problem can also be aggregated by using the conditional expectation
operator:

Elz(y) [ &]1>0 as,VteT.

Fourth, by Theorem 2, the SLP objective function can be rewritten as

zspp(@) = D Elfa(&y) ] = JEzi(&y) ]

teT teT
= Y dR[E[@(&y) 161 =D E[JE[z:(&y) | &)
teT teT

Fifth, after applying the conditional expectation operator to the SLP problem, it results the following
problem with aggregated constraints which is named P; :

mln Zp1 ZECt t]) ’ft”
teT
s.t. AlE[x1(€[1]) &=
ZB” () | & )]+ ABla() [ &] =& as.VteT"

[ﬂﬁt(é[t}) | & ] > as,VteT.

14



Sixth, to proceed with the proof, problem P, is derived from problem P; as follows:

min zp,(£) = > E[c]#:(&) ] (25)
* teT
S.t. Alil(gl) = fl (26)
t—1
> BirBldr (&) |+ Aiti(&) = & as,vVteT" @7)
T=1
:%t(gt) >0 a.s.,Vt S T, (28)

where vector #;(§;) accounts for E[ z4(&y) | § | forall t € T

Seventh, problem P, can be written equivalently as

min ZE[ ci (&) ]
" eT

S.t. Ali’l(fl) = §1
t—1
Z Bt'rjr + Atﬁjt(gt) = ft a.s.,v te TJF

T=1

Ty = E[24(&) ] vte T

.’i‘t(&) >0 as.,VteT

T > 0, VteT™
which is the ELP problem.

Eighth, by comparing the solution values of all these problems it can be written

* * * *
ZELP = 2p, = 2p, < Z5Lp)

where the first inequality on the left will be proved in step nine and the second inequality comes from
the fact that problem P; is a relaxation of the SLP problem obtained by constraint aggregation.

Ninth, to conclude, it will be proved that 23‘32 < z}l. Let us assume that x* is an optimal solution for
P; and define Z such that

#(€n) =E[2} (&) | &u] V& € Se, VteT.

It is easy to see that 2 thus defined is feasible for problem P, (stated in (25)-(28)) and that zp, () =
zp, (z*) which proves zp, < 2}, . ]

In Theorem 4 it will be proved that 2%, < 2%;p. The proof of Theorem 4 will also show the
connection between the ELP and the EV problems: roughly speaking the EV problem can be derived
by the constraint aggregation induced by the expectation operator applied to the ELP constraints.

Theorem 4 The solution value of the EV problem is a lower bound of the solution value of the ELP
problem, i.e.,
zpv < 2pLp-

Proof: This proof is analogous to the proof of Theorem 3 (it also consists of nine steps).
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First, constraints (19) of the ELP problem can be aggregated by using the expectation operator E| - |

forallt € T+:
t—1

E[ Y By + Ae(é) ] = E[ & ]

T=1

t—1

i)

Z By + AE[34(&) ] = &

T=1

where & = E[ & ].

Vte Tt

VteT™

Second, constraint (18) of the ELP problem is related to the first stage and then, being a deterministic

one, it is equivalent to

AE[21(&) ] =&

Third, constraint (21) of the ELP problem can also be aggregated by using the expectation operator:

E[2:(&)] >0

Fourth, the ELP objective function can be rewritten as

zprp(x) = ZE[CIit(ft)]

teT

= > B[ #(&)]

teT

VteT.

Fifth, after applying the expectation operator to the ELP problem, it results the following problem with
aggregated constraints which is named P; :

min zp, (&) = Y of B[ #1(&) )

T, T

teT

st. A E[21(8)] =&

t—1

> B+ AE[3(&)] =&
T=1

Ty =E[ (&) ]

E[2:(&)] >0

i‘t 2 0

Vte Tt

Vte T~
vteT

VteT .

Sixth, to proceed with the proof, problem P; is derived from problem P; as follows

min zp, (#) =Y i
T, T

S.t.

teT
A1 =&
t—1
Z Bt’ri'T + Ati't = §t
T=1
Ty = ﬂvj‘t
Ty >0
x>0
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Vte T~
YteT
Vte T,

(29)
(30)
(€29)

(32)
(33)
(34)



where vector &, accounts for E[ ,(§;) | forallt € T.

Seventh, we can rewrite Py as

teT
s.t. Aty = 51
t—1
Z B o, + ATy = & vieTt
=1
Ty >0 VteT,

which corresponds to the EV problem.

Eighth, by comparing the solution values of all these problems it can be written

x % * *
Zpv = Zp, < Zpy < ZpLp

where the first inequality on the left will be proved in step nine and the second inequality comes from
the fact that problem P4 is a relaxation of the ELP problem obtained by constraint aggregation.

Ninth, to conclude, it will be proved that zp, < 27, . Let us assume that (2, Z*) is an optimal solution
for P3 and define & such that

ft:E[{f?:(&g)] VteT.
It is easy to see that (&,Z") thus defined is feasible for problem P; (stated in (29)-(34)) and that

zp,(Z) = zp,(2*) which proves zp, < zp,. ]

Corollary 1 Let us consider the SLP problem with the rhs defined by the multivariate stochastic pro-
cess {& b et If the stochastic process is stagewise independent then

* * *
Zpy < ZprLp < ZsLp-

6 Algorithm for obtaining the expected result of using the expected value
solution for multistage stochastic optimization

The methodology for obtaining the Expected result of using the Expected Value solution (EEV) is very
well established in the two-stage environment, see a good exposition in e.g. [4], but it is a difficult one
for multistage problems, see [22]. The main difficulty lies in the same concept of multistage EEV.
Alternatively, we use the methodology introduced in [10] for obtaining EEV in a rolling horizon type
of calculation. Basically, it is as follows:

1. Retain the EV solution for the first stage.

2. Once the first stage EV solution is fixed, stage ¢ = 2 is considered, so that K;L; independent
scenario subtrees remain.

3. The EV solutions are independently obtained for these scenario subtrees.
4. The first stage solution of the EV problem for each scenario subtree is retained and, then, fixed.

5. The procedure continues for the other stages in the scenario tree until stage 7" is reached.
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So, at the end of the process there is a solution for each node in the scenario tree (and, then, for each
scenario). The EEV is obtained by weighting the solution values for the scenarios as they have been
calculated by the procedure. Let us specify the details of this methodology in Algorithm 1.

Algorithm 1: Multistage EEV.

1. Objective: To obtain a good feasible solution for problem SLP given
by
equations (5)-(8).

2. Initialization:

(a) Iteration counter t:=0.
(b) Set of constraints Cj:=0.

3. Main iteration: Repeat while t<T:

(a) Set t:=t—+1.

(b) Consider problem SLP (5)-(8) with the additional constraints
given
by C;. This problem can be decomposed into K;L; independent
subproblems SLP
with T+1—t stages (one per node tkl, Vkl € K/L;).

(c) Let Pspp(tkl) be the subproblem corresponding to node tkl, Vkl €
KiLy.

(d) Let Pgy(tkl) be the EV subproblem that approximates subproblem
PSLp(tkl), Vkl € ICiLy.

(e) Solve subproblem Pgy(tkl) to obtain an optimal solution Z*(tkl), Vkl €

KLy
(£) Set Cup1:=C Uz = ZE(thl)" | VKl € KLy}

4 . Solution recovering :

(a) Set the EEV solution as a;gfv = T (tkl) Vtkl € TLy .
(b) Compute the EEV value as zSLp(a:EEV).
Notice that in the previous algorithm:

e It is not guaranteed that the EEV solution is feasible for problem SLP.

e However, it is not difficult to prove that, if all subproblems Pgy (tkl) for all tkl € TK.L; are
feasible, then the EEV solution is feasible for problem SLP and, in this case, EEV is an upper
bound to the optimal value of problem SLP. This has been the case in the revenue management
instances solved in Section 7.

e We have to solve a subproblem EV per node of the SLP scenario tree, that is, the total number
of subproblems EV has order L7 ! (assuming that the number of possible events per stage is
constant and equal to L).

e At each iteration ¢ the subproblems Pgy (tkl), Ykl € KL, are independent and therefore can
be solved in parallel. That is, Algorithm 1 is highly appropriate for parallel computing.

On the other hand, the Expected result of using the ELP solution (EELP) can be obtained analogously,
that is, in the previous algorithm we should replace EV with ELP.

18



7 Computational experience

7.1 The network revenue management problem

For computationally assessing the validity of the ELP heuristic that combines the ELP lower bound
and the EELP upper bound, we have chosen as our pilot case the so named network revenue man-
agement problem for the flight tickets selling, taken from [23]. The aim of revenue management in
general consists of maximizing the revenue of selling limited quantities of a set of resources by means
of demand management decisions. A resource in revenue management is usually a perishable prod-
uct/service, such as seats on a single flight leg or hotel rooms for a given date. It is common in revenue
management that multiple resources are sold in ‘bundles’. For instance, connecting flight legs are sold
on a single ticket and hotel customers may stay multiple nights. In this case, the lack of availability of
any resource will prevent sales of the bundle, which creates interdependence among these resources.
Consequently, the demand management decisions of these resources must be coordinated. It is usual
in revenue management to protect the availability of resources along the time interval that ends at the
period at which the resources are used. So, the accumulative booking of each resource is prevented
beyond a protection level that is, obviously, increasing along the time horizon.

The following notation is used to describe the network revenue management problem:

Sets:

H, set of resources (with size H).

Z, set of bundles (with size I).

J, set of fare classes (with size J).

Ty, set of bundles using resource h, for h € H.

1J, stands forZ x 7.

Deterministic parameters:

f%, fare of bundle-class ij, forij € Z.7.
C", capacity on resource h, for h € H.

ub(PZ,zl), upper bound on the protection level variable PZIZZ (defined below) for ij € Z.J, tkl €
T KLy,

Uncertain parameters:

zlj , demand for bundle-class ij in period t at node tkl, for tkl € T K.L;.

Variables:

bifgl, number of accepted bookings for bundle-class ¢5 in period ¢ at node tkl, for ij € 7.7, tkl €
THIL,.
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Bzil, cumulative number of accepted bookings of bundle-class 75 along the path from the root to node
tkl, forij € TJ,tkl € TTKLy.

P{Z th1)? protection level of bundle-class ij set at the immediate ancestor, say a(tkl) of node tkl, along
the path from the root to node tkl, forij € Z.7, tkl € T K L;.

SLP problem

The multistage Stochastic Linear Programming (SLP) problem for network revenue management with
protection levels is as follows:

max Y b Z f9b, (35)

thleT KLy ijeLT
st Byl = Bl + Ui Vtkl € TTKLy, ij € IT (36)
Bl < Pl Vitkl € TTKiLy, ij € T 37)
> Pliu<ch Vkl € Kro1Lr-1, h€H (38)

iJELLT

0<bd, <&l Vitkl € TYKLy, ij € IT (39)
0< P <ub(PY) Vitkl € T KLy, ij € 7. (40)

Constraints (36) define the booking balance equations. Notice that Bﬁl corresponds to the initial
number of accepted bookings, which is a parameter of the problem for all 5 € Z.7. Constraints
(37) ensure that the cumulative number of accepted bookings along the path from the root to node
tlk cannot exceed the protection level set at the ancestor node a(tlk). Notice that all the nodes with
the same immediate ancestor share the same protection level. The protection levels across bundles
and class fares are then bounded by the capacity on the resources in constraints (38). Constraints (39)
reflect that the number of accepted bookings should be not greater than the demand. Constraints (40)
bound the protection levels. Notice that the non-anticipativity constraints are satisfied by construction;
see e.g. in [4] good expositions of this important concept on stochastic optimization. We will refer to
this problem as SLP.

EV problem

The multistage Expected Value (EV) problem is as follows:

gy 41
my % @

’ teT+ ijelT
st. BY =B +b7 VteTT, ijeld (42)
B < P, VteTT, ijelg (43)
Y Pl <ch VheH (44)

yE€LLT

0<b? <&’ VteTT, ijeld (45)
0< P < ub(P/) Vte T, ijelJ. (46)

Notice that in the EV problem the decision vectors are denoted by b, B and P.
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ELP problem

The multistage Event Linear Programming (ELP) problem is as follows:

max Z Ty Z 1 IA);{ 47

bBBP e el

st. BY =B7 +b Vil e T Ly, ij e I (48)
B <P/, Vitle T Ly, ij €T (49)
Y P <ch VheH (50)

JELLT
BY =Y muBj VteT ,ijeld (51)

lely

0<by <€l Vi eTV L, ijelT (52)
0 < P7 < ub(P) VteT ,ijeld. (53)

Notice that in the ELP problem the decision vectors are denoted by b, B, B and P. Furthermore, Eﬁ
corresponds to the initial number of accepted bookings, which is a parameter of the problem for all
ijelJdg.

7.2 Testbed description

In this numerical study, we consider a small network, a medium, and a large one. Next, we introduce
first the dimensions and then the structure of our test networks. Finally, we discuss the fares and the
demand model.

Recall that, in this context, the dimensions of a network are given by its number of resources H,
bundles I and fare classes J. So, they are as follows: SMALL network: H = 10, [ = 18, J = 2;
MEDIUM network: H = 100, I = 200, J = 2; and LARGE network: H = 500, I = 1000, J = 2.

In terms of network structure, we follow the standard practice in the literature to use randomly gen-
erated networks with a hub-and-spoke structure [1], resembling networks seen in hub-based airlines.
Among the resources, the first half are spoke-to-hub flight legs and the second half are hub-to-spoke
flight legs. The bundles are generated as follows. In the SMALL network, the first 10 bundles each
use one of the 10 legs, and the remaining 8 each use two random legs, spokel-to-hub and
hub-to-spoke2. In the MEDIUM network, the first 100 bundles each use one of the 100 legs,
the next 75 each use two random legs, spokel—-to—hub and hub-to-spoke?2, and finally the
last 25 each use four random legs spokel-to-hub, hub-to-spoke?2, spoke2-to-hub and
hub-to-spokel. Similarly, in the LARGE network, the first 500 bundles each use one of the 500
legs, the next 375 each use two random legs, and finally the last 125 each use four random legs. See
[12].

We now present the way the fares and the demands have been generated following the scheme pre-
sented in [12]. The class 1 fare of a single-resource bundle is generated from a normal distribution
with mean 100 and standard deviation 40, truncated within the interval [20, 180]. The class 1 fare of a
multi-resource bundle is the summation of the class 1 fares of the single-resource bundles associated
with its resources. For all bundles, the fare of class 2 is 1.4 times that of class 1. As usual in the litera-
ture, demands are modeled using a Poisson distribution. The demand for bundle-class 7j in period ¢ is
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generated from a Poisson distribution with mean p;;; := ;¢ p, where

_ D hen ch
W T xT

Since all the parameters that define ;4 are constant, the higher 7 the higher the demand. Therefore,
we refer to 1 as the “load factor of demand”, which has been set equal to 2 in this computational
experience. With respect to 3;;;, we have chosen them higher for single-resource bundles than for
multi-resource ones. These parameters are also dynamic with respect to the time-to-service. For
Jj = 1,2, Bijs decreases when getting closer to the departure, eventually becoming zero. Notice
that the demands thus modeled are independent and the ELP heuristic can be used. However, this
simplification in the demand model may be inaccurate. Thus, for example, the opportunity cost of
neglecting dependency of demands across fare classes can be of the order of 2% [18]. Therefore,
further research effort should be devoted to allow for correlated demands (rhs) in the ELP heuristic as
pointed out in Section 8.

We use the optimization engine CPLEX v12.3, for solving the LP problems arising. Our experiments
were conducted on a PC with a 2.33 GHz Intel Xeon dual core processor, 8.5 GB of RAM and the
operating system was LINUX Debian 4.0.

Tables 1, 2 and 3 present for the 20 instances for each of the three network sizes tested in our compu-
tational experience, the scenario tree structure and the dimensions of the three LP problems subject of
our computational comparison testing, namely, SLP (35)-(40), EV (41)-(46) and ELP (47)-(53). The
headings are as follows: case, instance name; 7', the number of periods; L, number of immediate suc-
cessor nodes (obviously, belonging to the next stage) from a node of any stage; N, number of nodes in
the scenario tree; S, number of scenarios; n, number of variables; m, number of constraints nz, num-
ber of nonzero elements in the constraint matrix; dens, constraint matrix density in %. We can observe
the high dimensions of the instances: up to 7 millions of variables and 6 millions of constraints for
SMALL networks, up to 78 millions of variables and 71 millions of constraints for MEDIUM networks,
and up to 393 millions of variables and 357 millions of constraints for LARGE networks.

7.3 Computational results

Tables 4, 5 and 6 present for the SMALL, MEDIUM and LARGE networks the main computational
results for the three LP problems SLP, EV and ELP, respectively. The headings are as follows: Zgr,p,
Zgy and Zgrp, solution values of the original SLP problem and the problems EV and ELP, respec-
tively. Note: Zgy and Zgpp are upper bounds of Zgy p, such that Zgy > Zgrp > Zspp (notice
that SLP is a maximization problem); tsrp, tgy and tgrp, computing time (secs.) required for
obtaining Zsrp, Zgpy and Zgy p, respectively; Zgpy and Zggr p, solution values of the SLP feasi-
ble solutions obtained by using the EEV and EELP procedures, respectively, described in Section 6
(notice that Zggy and Zggpp are lower bounds of Zgyp); and tggy and tgpgrp, computing time
(secs.) required for obtaining Zggy and ZgEgr p, respectively. Some gaps are reported as the relative
differences in % of several solution values, such as

GAP' = (Zgv — Zsip) |Zspp%
GAP* = (Zspp — Zpev) [Zs.p%
GAP® = (Zgy — Zgev) | Zev%
GAP' = (Zgrp — Zsp) [Zsp%
GAP® = (Zspp — Zperr) [Zsp%
GAP® = (Zgrp — ZggLpr) | ZeLr%.
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Finally, mean gives the average values of the gaps and the computing times in the instances considered
in each table.

Our first observation is that the computing time for solving problem SLP (i.e., solving the original
problem by plain use of CPLEX) generally is high for non trivial instances and, even the original
problem has not been solved for instances c18, ¢32, c35, ¢37, c38, c40, ¢52, c54, c55, c57, ¢58,
¢59 and c60 (i.e., a 22% of our testbed), due to reach the allowed computing time (2 hours in our
experimentation). Additionally, we can observe that the computing time for obtaining the upper bounds
Zpy and Zgrp (i.e., the solution values of the problems EV and ELP, respectively) is very small, on
average, even it does not reach a second. On the other side, the computing time requirements for
obtaining the SLP feasible solutions whose values are Zggy and Zggrp do not exceed 114 and 63
secs. for the SMALL network, respectively, 642 and 1573 secs. for the MEDIUM network, respectively,
and 5210 and 7437 secs. for the LARGE network, respectively. Although the computing time required
for obtaining the solution value Zg gy p is a bit higher than the time for obtaining Z g gy, the optimality
gap of the former solution value is smaller than the optimality gap of the latter one. Thus for example,
in Table 5 the mean of the EELP optimality gap is GAP® = 0.13% while the mean of the EEV
optimality gap is G AP? = 1.48%. In any case, the gap is very small in both solution values. Finally, it
is interesting to consider the quasi-optimality of the solutions values obtained by both approaches in the
biggest instance (i.e., c58), being GAP® = 0.48% for the ELP-based approach and GAP3 = 3.29%
for the EV-based approach, being a representative comparison of the mean value of the three networks
considered in our experiment, see last line of Tables 4, 5 and 6.

Regarding the computational complexity notice that the number of variables and constraints in the EV,
ELP and SLP problems has order T, L(7 —1) and L” !, respectively (assuming a number of possible
events per stage constant and equal to ). On the other hand, the number of subproblems EV (ELP) to
be solved in the EEV (EELP) approach has order L7 !,

8 Conclusions

In this paper we have considered the multistage Stochastic Linear Programming (SLP) problem with a
stochastic right-hand side (rhs), which is assumed to be discrete and stagewise independent. We have
introduced the multistage Event Linear Programming (ELP) problem whose objective is to approxi-
mate the SLP problem. The main difference is that the former considers all the possible successions of
events (scenario tree), whereas the ELP problem is bounded to only consider the events (event spike).

Roughly speaking, we have proved that the ELP problem can be derived from the SLP problem by
constraint aggregation. This aggregation is obtained by applying the conditional expectation operator
to the SLP constraints. In a similar way, we have proved that the Expected Value (EV) problem can be
derived from the ELP problem also by constraint aggregation. In this case, the aggregation is obtained
by applying the plain expectation operator to the ELP constraints. The main consequence of these
aggregations is that the EV and ELP solution values are lower bounds of the SLP solution value (for
minimization problems). We have also shown that the ELP bound is tighter than the EV bound.

From a practical point of view, we have assessed the validity of the ELP approach by solving large scale
instances of the network revenue management problem for the flight tickets selling. We have used 60
instances whose sizes for the SLP problem range form one thousand of variables and constraints to over
393 millions of variables and 357 millions of constraints. In our computational experience the ELP
approach has obtained SLP solutions whose objective values are almost optimal and significantly better
than the ones obtained by the EV approach. Regarding the numerical tractability we have observed
that even for large scale SLP instances the ELP heuristic is a tractable approximation, where the plain
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use of CPLEX very frequently fails. All in all, the main conclusion is that regarding the capacity to
deal with uncertainty and the numerical tractability, the ELP approach lies between the SLP and the
EV approaches.

Finally, we would like to point out some limitations of the results here presented. The first limitation,
is that they only consider randomness on the right-hand side, which is assumed to be discrete and
stagewise independent. The second limitation is that, although, in the computational experiment we
have observed that the EEV value is dominated by the EELP value, we have not proved it theoretically.
The third limitation is that this stochastic model is risk neutral. That is, it is based on the expected cost
and it does not incorporate any risk averse measure as for example the conditional value at risk, or the
mixture of first and second order stochastic dominance constraints. As a matter of future research, the
authors are planning to improve the ELP approach regarding these aspects.
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